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Abstract 

We show that the effective actions of D-brane and M-brane are solutions to the 
Hamilton-Jacobi (H-J) equations in super gravities. This fact means that these effec- 
tive actions are on-shell actions in supergravities. These solutions to the H-J equations 
reproduce the supergravity solutions that represent D-branes in a B2 field, M2 branes 
and the M2-M5 bound states. The effective actions in these solutions are those of a 
probe D-brane and a probe M-brane. Our findings can be applied to the study of the 
gauge/gravity correspondence, especially the holographic renormalization group, and 
a search for new solutions of supergravity. 
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1 Introduction 



In this paper, we show that the D-brane effective action (the Born-Infeld action plus the 
Wess-Zumino action) is a solution to the Hamilton- Jacobi (H-J) equation of type IIA(IIB) 
supergravity and that the M-brane effective action is a solution to the H-J equation of 11- 
dimensional (11-d) supergravity. This fact means that the effective actions of D-brane and 
M-brane are on-shell actions in supergravities. We also show that these solutions to the H-J 
equations reproduce the supergravity solutions which represent a stack of D-branes in a B2 
field, a stack of M2-branes and a stack of the M2-M5 bound states. In fact, we reported the 
case of D3-brane in our previous publication |lj , and in this paper we generalize our previous 
result to the cases of Dp-branes and M-branes. 

The D-brane effective action on a curved background is obtained in principle by calcu- 
lating the disk amplitude in superstring on the background. The disk amplitude in the open 
string picture is translated into the closed string picture as the transition amphtude between 
the vacuum and the boundary state representing a probe D-brane. This transition ampli- 
tude should reduce in the a' ^ limit to an on-shell action in type IIA(IIB) supergravity, 
which is a functional of the values of the fields on a boundary. Therefore, the a' — > limit 
of the D-brane effective action should be a solution to the H-J equation of type IIA(IIB) 
supergravity. Considering the gauge invariance, we see that the a' — > limit of the D-brane 
effective action corresponds to setting the combination of the gauge field plus the NS 2-form 
field to be zero. Nevertheless, a nontrivial fact we obtain is that the D-brane effective action 
itself is a solution to the H-J equation. Probably this fact comes from the supersymmetry, 
since the R-R plays a crucial role in our analysis. 

The strategy of our analysis is as follows. We reduce type IIA(IIB) supergravity on 5"^"^, 
dropping the fermionic degrees of freedom consistently, and obtain a (p + 2)-dimensional 
gravity. Adopting the radial coordinate as time, we develop the canonical formalism based 
on the ADM decomposition for this (p + 2)-dimensional gravity and obtain the H-J equation 
originating from the hamiltonian constraint. We solve the H-J equation under the condition 
that the fields be constant on fixed-time surfaces, and find that the Dp-brane effective action 
is a solution to the H-J equation and reproduces the supergravity solution of a stack of Dp- 
branes in a B2 field. We note here that the near-horizon limit of this supergravity solution 
with p = 3 is conjectured to be dual to noncommutative Yang Mills (NCYM) j2l El E] 
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and reduces to AdSr, x in the commutative limit, which is dual to A/" = 4 super Yang 
Mills El- In our formulation, the fixed-time surface whose dimension is p + 1 can be 
interpreted as the worldvolume of a probe Dp-brane, and the radial time as the position 
of the probe Dp-brane. We also reduce 11-d supergravity on S'^ and S^, repeat the above 
steps, and obtain the M2 and M5 brane effective actions as solutions to the H-J equations, 
respectively. We find that these solutions to the H-J equation reproduce the supergravity 
solutions of a stack of M2-branes and a stack of the M2-M5 bound states, respectively. 
Furthermore, by using the SL{2, R) symmetry in type IIB supergravity and the relation of 
type IIA supergravity with 11-d supergravity, we obtain solutions to the H-J equations that 
reproduce the supergravity solutions representing {p, q) strings and (p, q) 5-branes in type 
IIB supergravity and NS 5-branes in type IIA supergravity. Note that the near-horizon limit 
of supergravity backgrounds reproduced by M2-branes, the M2-M5 bound states and NS 
5-branes are conjectured to be dual to three-dimensional Af = 8 superconformal field theory, 
(a noncommutative version of) six-dimensional J\f = (2, 0) superconformal field theory and 
Little String Theory, respectively jSlllllZI- 

As we discuss below, the fact that our solutions to the H-J equations are the on-shell 
actions around the supergravity backgrounds which conjectured to be dual to various gauge 
theories motivates us to further investigate the subject in the present paper. 

Indeed, our findings can be applied to the study of the gauge/gravity correspondence. A 
well- understood example of the gauge/gravity correspondence is the AdS/CFT correspon- 
dence E]; in particular, the correspondence between Af = 4 super Yang Mills at the 
conformally invariant point and type IIB supergravity on AdS x S^. It is relevant to investi- 
gate whether this kind of correspondence can be extended to A/" = 4 super Yang Mills in the 
Coulomb branch [3|H] or four-dimensional less super symmetric (TV = 0, 1, 2) gauge theories 
PI or higher (lower) dimensional supersymmetric gauge theories 13 . Another relevant 
problem to be studied from the viewpoint of the gauge/gravity correspondence is a quantum 
theory of NCYM. Classical aspects of NCYM such as noncommutative instantons |TT1 12] are 
well- understood while little is known about quantum aspects. In particular, renormalizabil- 
ity of NCYM has not been established perturbatively or non-perturbatively. Note that the 
authors of Ref. verified the renormalizability of two-dimensional bosonic NCYM by per- 
forming a numerical simulation of its lattice version. As we describe shortly, solving the H-J 
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equation and obtaining the on-shell action in supergravity is doubly important for studying 
the above issues in the gauge/gravity correspondence. In order to study the gauge/gravity 
correspondence for the less supersymmetric gauge theories, we must generalize our analysis 
in the present paper; we should reduce supergravities in more complicated ways and search 
for solutions to the H-J equations of these reduced gravities that reproduce the supergraviy 
solutions conjectured to be dual to the less supersymmetric gauge theories. 

One application of the H-J method in supergravity to the study of the gauge/gravity 
correspondence is to compare the on-shell action of supergravity with the effective action of 
the dual gauge theory. Suppose that supergravity on a certain background corresponds to 
a large (noncommutative) gauge theory in which one of the Higgs fields has a nontrivial 
vacuum expectation value (vev) and the U{N) gauge symmetry is spontaneously broken to 
f/(l) X SU{N — 1). Then, if we interpret the radial time as a position of the probe D- 
brane, the on-shell action of supergravity around this background should coincide with the 
effective action of the gauge theory via the identification of the radial time with the vev of 
the Higgs field. Thus the H-J method is useful for checking this case of the gauge/gravity 
correspondence. It is actually conjectured in Ref.[T3] that the effective action of A/" = 4 
super Yang Mills in the Coulomb branch takes the form of the D3-brane effective action in 
the 't Hooft limit. It is important to perform a similar calculation of the effective action in 
NCYM and to compare the result with the on-shell action obtained in this paper. 

The other application is the study of the holographic renormalization group, which is also 
useful for establishing the gauge/gravity correspondence. The authors of Ref. [H] derived 
the renormalization group equation in the dual gauge theory from the H-J equation in 
supergravity. In particular, they found that in their simple examples the lowest term in the 
derivative expansion of the on-shell action in supergravity plays a role of the counter terms 
and gives the beta functions and the anomalous dimensions in the dual gauge theory. In 
this context, the radial time is interpreted as the renormalization scale in the dual gauge 
theory. Note that the solutions found in this paper are also the lowest term in the derivative 
expansion. One can check whether supergravity on a certain background corresponds to 
a large gauge theory by comparing the beta functions and the anomalous dimensions 
given by the on-shell action around the background with those in the gauge theory. Also, 
one can examine the structure of the renormalization of NCYM through the holographic 
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renormalization group. Although it is not obvious whether the lowest term in the on-shell 
action is sufficient in more complicated cases we are interested in, our results are at least a 
ffist step to the study of the holographic renormalization group in these cases. 

Another application of the H-J method is searching for new solutions and classifying the 
solutions in supergravity. Using the solution to the H-J equation obtained in the present 
paper, we expect to be able to obtain new solutions in supergravity reduced on higher 
dimensional spheres under the condition that the fields depend only on the radial coordinate. 
That is, while the supergravity solution representing Dp-branes in a B2 field is obtained by T- 
dualizing a tilted smeared D(p— l)-brane solution [T2|, we can search supergravity solutions 
that cannot be obtained by such a T-dualization, as is discussed below. If we find a solution 
to the H-J equation of supergravity reduced in a different way, we expect to be able to obtain 
a different kind of new solutions of supergravity. Furthermore, if we find a complete solution 
to the H-J equation under a certain condition, we can classify the solutions in supergravity 
under the condition. Hence, our analysis in the present paper should be a first step to the 
classification of the supergravity solutions. 

As is well-known, a complete solution to the H-J equation that includes as many ar- 
bitrary constants as the number of the degrees of freedom is a generator of the canonical 
transformation that makes the new Hamiltonian vanish. If one finds a complete solution to 
the H-J equation, one can represent the coordinates as functions of time for an arbitrary 
initial condition. Namely, the problem can be completely solved. Although our solution to 
the H-J equation is not a complete solution, it includes several arbitrary constants. We can 
reduce the original equations of motion in supergravity, which are the second order differen- 
tial equations, to the ffist order ones by using the solution, and obtain as many conserved 
quantities as the number of the arbitrary constants. We may solve the ffist order equations 
to find a new solution of supergravity, utilizing these conserved quantities. Alternatively, we 
can search for a new solution to the H-J equation that generalizes the present solution and 
includes more arbitrary constants so that we may find a new solution more easily. 

The present paper is organized as follows. In section 2, we develop the Hamilton- Jacobi 
method in general constrained systems. In section 3, we perform reductions of supergravities 
on higher-dimensional spheres. In section 4, we develop the canonical formalism for the 
reduced gravities obtained in section 3 to derive the H-J equations. In section 5, we find 
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that the Dp-brane effective action is a solution to the H-J equation of the reduced gravity 
and reproduces the supergravity solution of a stack of D3-branes in a B2 field. Section 6 is 
devoted to the similar calculation in the cases of M2-brane and M5-brane. In section 7, using 
the SL(2,R) symmetry in type IIB supergravity and the relation between 11-d supergravity 
and type IIA supergravity, we obtain solutions to the H-J equations that reproduce the 
supergravity solutions of {p, q) string and (p, q) 5-branc in type IIB supergravity and of NS 
5-branc in type llA supergravity. Section 8 is devoted to discussion and perspective. In 
appendix A, the equations of motion in supergravities are listed. In appendix B, we write 
down the ansatz for the fields made in performing a reduction of type IIA (IIB) supergravity 
on S^-P. 



2 H-J method in constrained systems 

Let us consider a classical system with n degrees of freedom and k first class constraints. 
Suppose the action of the system is given in the canonical form: 

7 = / dT{piqi - H{pi, ■ ■ ■ .pr,, qi,---, Qn, r) - aafa{pi, ■ ■ ■ -Pn, qi,---,(ln, t)), (2.1) 

Jto 

where i runs from 1 to n, a runs from 1 to A;, if is the Hamiltonian and the are Lagrange 
multipliers. By variating the action with respect to qi, Pi and one obtains the following 
equations of motion: 

. dH dfa 

qi = + 0!a^, 

opi api 

Pi — r\ -I 

dqi dqi 

fa(pi,---,Pn,qi,---,(ln,T) =0. (2.2) 



Let qi — qi{T) and Pi = Piir) be a solution to the above equations of motion which satisfies 
the boundary conditions qi{t) — Xi. Substituting this classical solution to the action gives 
the on-shell action, which can be regarded as a function of the boundary positions Xi and 
the final time t. 

S{xi,---,Xn,t)^ dripi^i- H{pi,---.pn,qi,---,qn,r)). (2.3) 

Jto 



to 



The variation of S with respect to Xj and t is given by 

5S = ip^mit) - H{pit),qit),t))5t 

* , fj--^ , - dH{p,q,T) dH{p,q,T) \ 
dr \6piqi+pi6qi — 6pi — 6qi \ . (2.4) 

Using the equations of motion ()2.2|1 and integrating the righthand side of ()2.4j) partially, one 
obtains 

ss = - -ff (p(<), m,t))st + rMtmit) 

+ /* ,ra. ( ^MilMlsp, + ^lll^jA . (2.5) 



to 



dpi dq, 

Here the last line in (|2.5|) vanishes, since 



= fa{p + Sp,q + 6q, r) = fa{p, q, r). 

Noting that qi(t + St) + Sqi(t + 6t) = Xi + 6xi, one obtains 6qi(t) = Sxi — q^{t)5t. Therefore, 
(|2.5p reduces to 

5S = -H{p{t),x, t)5t + piit)5xi, (2.6) 
which is equivalent to the equations 

— = -H{p{t),x,t), 

S = Pit)^- (2-7) 

Finally, one obtains the equations satisfied by the on-shell action S, the H-J equations: 

dS ^fdS dS \ 

-T- + H\ ,xi,---,a;n,t = 0, 

Ot \OXi OXn J 

f dS dS \ 
/'^ = 0- (2-8) 



dxi dxn 

Suppose a solution to (j2.8j) is given. Then, the canonical momenta are represented in 
terms of Xi by using the second equation in ()2.7|1 . It follows that the equations of motion 
()2.2|) reduce to a set of the first order differential equations only for gj. Thus one can simplify 
the problem of solving the equations of motion. 

It is well-known that the H-J equation is in general more powerful as seen in below. First, 
note that if S* is a solution to the above equations, S* + a is also a solution to it, where a is 



6 



a arbitrary constant. Let the above solution possess / arbitrary constants ■ ■ ■ , that are 
not the trivial additive constant o . Then, the following quantities are conserved quantities: 

7s = ^ (^ = l,---,0- (2.9) 

In fact, on one hand. 

On the other hand, from (|2.8p and the arbitrariness of jSg, we obtain 

d fdS \ d^S dH d^S 



dl3s \dt J dpsdt d{dS/dxi) dp^dxi 
n- Af - ^/g d'S 

Summing the two equations in ()2.1H) and using ()2.2p and ()2.10|) gives 

|7, = 0. (2.12) 

In particular, when / = ra, it follows that (3i and 7^ are new canonical momentum and 
new coordinates which are obtained from the canonical transformations generated by S, 
respectively, and are constant with respect to the time. One can completely solve the problem 
by using the second equation in ()2.7p and ()2.9|) . 



3 Reductions of type IIA(IIB) and 11-d supergravities 
on higher dimensional spheres 

In this section, we perform reductions of supergravities on higher dimensional spheres. We 
will regard the fixed-time surface as the worldvolume of the p-brane (Dp-brane or M2-brane 
or M5-brane) later. Hence, we will reduce supergravity to a (p + 2)-dimensional gravity. 

First, in order to fix the conventions, we write down the actions of type IIA(IIB) and 
11-d supergravities. In this paper, we drop the fermionic degrees of freedom consistently. In 
the following equations, \Kq\'^ = ^Kmi-^-m^K^^^'"'^'' for a g-form Kg, where the appropriate 
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metric is used for the contractions, and Cp+i is the R-R (p + l)-form. The bosonic part of 
type IIA supergravity is given by 

1, 



I IIA 



-G 



1 ~ 
2' 



^2 A F4 A F4, 



where 



H3 = dB2, Fp+2 = dCp+, (p = 0,2), 
F4 — F4 — Ci A H-^. 

The bosonic part of type IIB supergravity is given by 

IlIB 



l I p |2 -'- I p |2 ■'- I p |2 
2' ' 2' ' 4' ' 



CiAHsA F3, 



where 



H3^dB2, Fp+2^dCp+i (p=-l,l,3), 

F, = F, + C2A Hs. 



One must also impose the self-duahty condition 

*F, = F, 



(3.1) 



(3.2) 



(3.3) 



(3.4) 



(3.5) 



on the equations of motion derived from the above action. The bosonic part of 11-d super- 
gravity is given by 



6) 



where 



,(M) 



dA 



3- 



We list all of the equations of motion and the Bianchi identities in these supergravities in 
appendix A. 

Let us consider a reduction of type IIA(IIB) supergravity on S^~p {p = 0, ■ ■ ■ ,7), where p 
takes 0, 2, 4, 6 for type IIA supergravity and 1, 3, 5, 7 for type IIB supergravity. We split the 
ten-dimensional coordinates X*^ (M = 0, 1, ■ ■ ■ , 9) into two parts, as X*^ = (^", 6i) {a = 
0, • ■ ■ ,p + 1, i = 1, ■ ■ ■ ,8 — p), where the are {p + 2)-dimensional coordinates and the 
6i parametrize S*^"^. We make the following ansatz for the ten-dimensional metric, which 
preserves the {p + 2)-dimensional general covariance: 

dsiQ = G ]\,jj\[dX^^ dX^ 

= h^piOdCdf + e'^dns-p- (3.7) 

We assume that the dilaton depends only on 

= 0(0- (3.8) 

The ansatzes for the other fields are summarized in appendix A. Here, as an example, we 
perform the reduction for the p = 6 case explicitly. The reductions for the other cases can 
be performed in the same way as the p = 6 case. The ansatzes for the other fields in the 
p = 6 case are 

Hs = ^H^p^iOdC A df A dC + ^d^iO^e^.e,, dC A d9,, A d9,„ 

F2 = ^F^.a^mC A dC' - ^e''/2£°--"«F„,..„,(0ee,,e.,c?^n A dO,,, 

h = l^h,-aAOdrA---AdC' 

+ ^y^e''/2£„^...^^^^^^F°i °«(^)£,^^,^^t/^A A d^' A dO,, A dO,,. (3.9) 

By substituting ()3.7|) . ()3.8|) and ()3.9|) into the equations of motion and the Bianchi iden- 
tities in type IIA supergravity in appendix A, we obtain the following equations in eight 
dimensions. 

^li is sufficient for the purpose of this paper to assume that the fields depend only on ^^^^ (= r). However, 
we consider more general ansatzes such as H3.7|l and H3.8|l for further developments. 
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_lp2(/> |p fP 'y A_ —F F 717273 I i_ p p 71 •••75 I i_ F F 7r^^77 1 

I -Toj^x-^ -r 2|-'^a7i7273-'^/3 ^^^^ a-yi—ls^ p -'^a7i---77-'^/3 J 



+^e^^ + |F4|^ + iFel^ + \F^\'') = 0, (3.10) 

o z 

—e-^do^iT + e-2i?(5') = 0, (3.11) 

-\e^WF2? + |F4p + \F,\' + iFsl^) = 0, (3.12) 

+^e^F«^^--^<'F^,..^, = (3.13) 

vfie^F^'^) + ^eiF"/^^^^^3^^^^^^^ + ^^e'^^'-^^ dp,Fp,...p, = 0, (3.15) 

V(8)(gf^5a/37) + le^F"'^^^!^^^^ ^515^53 " ^^^'^^'^-'^ci^iF^....^, = 0, (3.16) 

V^8)(gi^/3a,...aa) + ^e^ F'^--'^^^^^^^- H + ^s'^-'^^^^^^^^d^S.F^,;?, = 0, (3.17) 

V^s)(eiF^°i-"7) = 0, (3.18) 

-^021304] ~ ^1 (3.19) 

d[a,da,] = 0, (3.20) 

d[aiFa^a2] = 0, (3-21) 

5! 

5(?[ai-^a2---a5] + 2! 3] '^[°i"2-^a3a4a5] ~ (3.22) 
7! ~ 

79[Q.^i^a2-a7] + ql ^ I -^[^•••a4 -^050507] ~ 0" (3.23) 



One can easily verify that these equations are derived from /§, which we will describe below. 
Applying this procedure to the other p case, we obtain /p+2- We have thus reduced type 
IIA(IIB) supergravity on 5"^"^ and obtain the (p+2)-dimensional gravities. These reductions 
are consistent truncations in the sense that every solution of /p+2 can be lifted to a solution 
of type IIA(IIB) supergravity. 
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Let us write down Jp+2 explicitly. We first define /p+2 by 



(8-p)9„09V--|//3r I -:re 4 



2 ) _ 2p/^P 

2' ' / 2 



(3.24) 



where 



Fn = Fn + S Cn-3 A i^S, S 



-1 for type IIA (p = 0,2,4,6) 
1 for type IIB {p = 1, 3, 5, 7) 



Here n takes 2, 4, ■ ■ ■ , p + 2 for type llA supergravity and 1, 3, ■ ■ ■ , p + 2 for type IIB super- 
gravity. I2 is obtained by setting H3 = in ()3.24p . Then, 



Ip+2 = Ip+2 for p = 0, 1, ■ ■ ■ , 5, 



1 ^ 



60 ( A Fe - -F4 A F4 , , 



(3.25) 
(3.26) 



-^8 — -^8 - 

h = h+ f d'^^V-h { -^e-S 1^2!' ) + / 61 A (F3 A F5 - Fi A F7), (3.27) 



1 -£''12 



where di = dbo and d2 = dbi. 

We perform reductions of 11-d supergravity on 5''^ and 5*^ in the same way as those of 
type IIA(IIB) supergravity. For a 5*^ reduction, we make the following ansatzes: 



dsn = ha,3{0dCd^'^ + e"^dn7, 



p(i) 



4! 



(3.28) 



where a, (3 run form to 3. Then, we obtain a 4-dimensional gravity, which is a consistent 
truncation of 11-d supergravity. 



(3.29) 



where F^^^ = dA^. For a reduction, we make the following ansatzes: 



dsn = h^f^med^ + e'^dn,, 



1 



014 



4! 7! 



ePe"^---'^^Fi%^{Oee^^...o.^M,,A---Ade., 



(3.30) 
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where a, j3 run form to 6. Then, we obtain a 7- dimensional gravity, which is also a 
consistent truncation of 11-d supergravity, 

/r = / d^i^e^ {Rh + e-^i?(^^) + Id^P dy - \\Fi''\- - , (3.31) 
where F^*^^ = dA^ - \Ai A F^^^ 



4 Canonical formalism and the H-J equations in the 
reduced gravities 

In this section, we develop the canonical formalism for /p+2, /j^^'' and J^*^^ obtained in the 
previous section. First we rename the (p + 2)-dimensional coordinates: 

i^ = x^ (/i = 0,---,i5), e^+^ = r. 

Here p takes 2 and 5 for I^^'^ and /j^^ respectively. Adopting r as time, we make the ADM 
decomposition for the (p + 2)-dimensional metric. 

= {'n? + g^^^n^n^) dr'^ + 2n^dr dx^" + g^ydx'^dx'' , (4.1) 

where n and are the lapse function and the shift function, respectively. Hence force /i, v 
run from to p. 

In what follows, we consider a boundary surface specified by r = const, and impose the 
Dirichlet condition for the fields on the boundary. Here we need to add the Gibbons-Hawking 
term ^U] to the actions, which is defined on the boundary and ensures that the Dirichlet 
condition can be imposed consistently. Then, the {p + 2) -dimensional action Jp_|_2 with the 
Gibbons-Hawking term on the boundary can be expressed in the canonical form as follows. 
For p = 0, 1, • • • , 5, 

Ip+2 = j drd^+^x^ (^^^-^rg,,. + ^l^^r<p + 7:p^,p + ^i^^^rB^, + Y,'^';,'ZT^^ 

-nH - n,H^ - B,.,G^^ - E ^^/^-'/^"-^^l-i"" ) 

n / 

12 



(4.2) 



with 



\ n>3 

n 



1 o 1 „ 4 



n>4 



where 



+ (8 - ^|i^3p) - ^eVp^ + e-2*+Vpi?(^-''), (4.4) 



Ig and Jg with the Gibbons-Hawking terms can be rewritten in the form ()4.2|1 with p = 6 
and p = 7, respectively, up to the terms including bo and bi. The differences will turn out 
not to be relevant for our purpose, so that we do not write down the precise canonical forms 
of Jg and Jg here. 

Note that ()4.2|) takes the form of ()2.1|) . Indeed, n, and Cr^i...^„_2 play the roles 
of Ua in (|2.ip . They give the constraints, H = 0, = and Gc„_i = 0, which are 
called the Hamiltonian constraint, the momentum constraint and the Gauss law constraint, 
respectively, and correspond to /a = in ()2.2|) . Note that ()4.2p has no analogue of H in 
(12. ip . It follows from the arguments in section 2 that the H-J equations of this system are 
given by 



dr 
H = 0, 



0, 



Gc„-, = (4.5) 
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with 



1 5S 1 5S 1 SS 

■K^ [x) = — , n^{x) = —===——, -Kp^x) 



y/-g{x) SB^^ix) ^/~g{x)SCp,...p„_,{x) 

where f is the boundary value of r, and g^yi^x), ■ ■ ■ , C^j...^„_-^ (x) are the boundary- 

values of the corresponding fields. The first equation in (j4.5p indicates that Sp^i does not 
depend on the boundary 'time' explicitly. The last three equations in ()4.5|) give functional 
differential equations for Sp+i. The third and fourth ones imply that Sp+i must be invariant 
under the diffeomorphism in p + 1 dimensions and the U{1) gauge transformations (See 
appendix C in Ref. PP). The second one is a nontrivial equation that can determine the form 
of S'p+i. Hereafter, we call this equation the Hamilton- Jacobi equation. 



The canonical form of I^^^ with the Gibbons-Hawking term is 
4^) = j d^^^in'^'drg^, + Tipdrp + <f a, -nH- ripH'^ - Ar^^G^) 



(4.7) 



with 



where 



(4.9) 



The canonical form of I'f'^^ with the Gibbons-Hawking term is 

= y d'^^gin^^'drgp, + T^pdrP + 9, + T^^l;^'drAp,...p, 

-nH - ripH'' - A.p,G%^ - A„^G%-^') (4.10) 



with 



A Y 
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GZ"'" = -6V.7^:;7■••'^^ (4.11) 

where 

C = e^(^R- 2V,V^p - ^S.pS'^p - ^\Fty - \\F^,''\'^ + e^R^''\ (4.12) 
The H-J equations for I^'^ and Jy^^^ are derived in the same way as the one for Ip+2- 



5 D^-brane effective action as a solution to the H-J 
equation 

5.1 D]?-brane effective action as a solution 



In this subsection, we find a solution to the H-J equation obtained in the previous section. 
We assume that the fields are constant on the fixed-time surface. Let S'^^i be a solution 
to the H-J equation under this assumption. We can drop 6o and hi consistently in the H-J 



equations for sf^ and S'^' . That is, after this simplification, the H-J equations for S'^'' and 
Sf^ coincide with the ones derived from (j4.2|) with p = Q and p = 7, respectively. We see 
from (jO|l . (P3|l and that S^+i satisfies the equation 



(0) 




+ 



p 
1 



-g 5p 



-9 S(p 5p 



flU 



(n- l)(n-2) 



^J■l■■■^J■n-3 



+e 4 p 



(n-l] 



dS. 



(0) 

p+i 



-9 SCfii 



(5.1) 
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In what follows, we show that the form 



p+1 



(5.2) 



is a solution to ((SHI), with 

S^i = 7p+i / y^C„-i A 



(5.3) 



where J^^^ = B^^ + is an arbitrary constant anti-symmetric tensor, and cXp+i 

is an arbitrary constant. As we discussed in section 6 in Ref. P, S^^^ + is the effective 
action of a probe Dp-brane while S^^^ should be interpreted as the vacuum to vacuum am- 
plitude and does not contribute to the effective action of the probe Dp-brane. Furthermore, 
F^Sf^^^ is interpreted as the U{1) gauge field strength in the world-volume. 
Noting that 



1 5Sfl (n-i)(n-2) _^ 



-g 5B^^ 



ro{0) 



gSC^,... 



/J.l---fJ.n-3fJ-f 



^ 6B, 



and 



1 SS^f 



0, 



one can see that the left-hand side of ()5.1|1 can be decomposed into the four parts 

L.H.S. of (EH) = e^-^- X ( (1) + (2) + (3) ) + e'"-^" x (4) + e-^'^+^^i?^^'"'), (5.4) 



with 



rcc \ 2 



4 / 1 



1 



-p 



-g ^9tiu 
1 



-g 64) 

1 5S: 



p+1 



-9 



-g 6p 
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(2) = 2g^x9up- 



1 ss;^, 1 ss^l 



1 5s;^, 1 ss^l 



p+i 



-9 ^9, 



111/ 



(3) 



1 

+ 7^9 HI/' 



1 



^9, 



]_5S^ 1 
^ 5(t> 2 



+ 



(4) = E 



(n - 1)! 



SqWZ 



-9 ^C'/.l-Mn-l 



(5.5) 



(1) and (4) are easily calculated as 



(1) 
(4) 



7 — p 



4(8 -p) 



(2fc)! 



fe=0 



t^lJ^2 



(5.6) 



In order to calculate (2) and (3), we introduce the {p+ 1) x {p+ 1) matrices Q and B: 



Then, we have 



1 






■9 ^9nu 


1 






~9 


1 






~9 


1 






'9 SB^^ 


1 


S.qBI 



flU 



7 — p 



-a 



-g S(p 



Pp+ie~ 



det{g + B) 
detg 

det{g + B) 
detg 

det{g + B) 
detg 



1 ^^^^+1 
5(f) 



' 9 ' 



g + B-^ g-B 



1 



B 



g+B g-B 



jii/ 



(5.7) 



Using this notation, we can express each term in (2) and (3) in terms of the trace of the 
(p + 1) X (p + 1) matrix and calculate (2) and (3) as follows: 

1 ^\ p + 1 



(2) 



3,+z^„ l det{g + B) fl (I 



detg 



T^tr - 6? 



g g + B-" g-B 
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= 0, 

/ 1 ^ 1 ^ 



1 2 ^-2, det(g + g) 



rp+ll 



fc=0 



From ()5.1|) . ()5.4|) . ()5.6|) and ()5.8|) . we conclude that S'p'^^ satisfies the H-J equation ()5.ip if 
<i = ^^i?("^"^^=4(8-pf and = 7^1- (5.9) 

5.2 Dj9-brane in a B2 field 

In this subsection, we see that S^^_li obtained in the previous subsection reproduces the 
supergravity solution representing a stack of Dp-branes in a constant B2 field. First, we 
examine the cases in which 2 < p < 6. For simplicity, let us consider the supergravity 
solutions with only -Bp_ip non- vanishing. These supergravity solutions were constructed in 
Ref . J3] , and they are also solutions of Ip^2 taking the following forms: 

^"5p+2 = f^HvfLudx^dx" + h5ahdx"-dx^) + f^dr'^, 

C01...P-2 = (-ir^^?;/sin^^/-i, C01...P = i-ir+'g;,'cos9f-\ (5.10) 

where 

/i, z> = 0, ly -,^-2, a,b = p-l,p, 

/ = 1 + -^, h-^ = sin^ ef-^ + cos^ e. (5.11) 

Note that these supergravity solutions preserve 16 supersymmetries, and reduce to the or- 
dinary Dp-brane solutions when ^ = 0. 
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By varying 7p+2 with respect to the canonical momenta, we obtain the relations between 
the canonical momenta and the r-derivatives of the fields. Using these relations, we calculate 
the values of the canonical momenta on the boundary specified by r = f: 

yst"' '^yst"' 
(_l)p+isi„9 

.a^..:... = ti)g^r--V-^S,/. (5.12) 

where 

7=1 + 3^, h-^^ sin^ ^/-^ + cos^ 9. 

ipi—p 

On the other hand, S^^-^ gives the following canonical momenta: 



:(o) 

i uC 



1 55^+1 



p 



1 . det(g + g) / 11 

2^^^^^ V det^ [^gTB^g^^ 



r P+1 
2 



1 



k=0 



(p + 1 -2/c)!2'=(/c- i; 
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1 ssZ 



~ ^"^^n - 1)\2'-^ {E^Y "^'"'^'^ ■ 
We substitute the values of the fields in into the right-hand sides of fl5.13|l . setting 

It can be verified that the right-hand sides of ()5.13p reproduce the right-hand sides of ()5.12p 
if 

a,+i = 16-2j9 and /j^+i = (-1)^,+! = ~ ^ (5.14) 

These conditions are consistent with 

Next, we compare the value of the on-shell action with that of S^^-^ directly. Substituting 
the values of the fields with r = f in ()5.10p into ()5.3|) . we obtain 

ttp+iVp+iro 



CC 



9% 

CBI _ (^P+l^p+l r-l 

'-'p+l ~ n JO 

Qst COS 



SZ-i = (-1)^^ f7^/o-\ (5.15) 
9st cos (7 

where V^+i = / d^~^^x. Here, we set 

o"p+i = 0. 

Then, it follows from (Q, S^TT^i and (IH:TH|1 that 

q(0) _ qc I qB7 I qWZ _ 

^p+i ~ ^p+i "T "-"p+i "T ^p+1 ~ 2 l,o.±u; 

9st 

We calculate the values of the on-shell actions for ()5.10|) by substituting ()5.12|) with f replaced 
by r into ()4.2p . Noting that the constraints in ()4.2|) are satisfied on shell, we reproduce the 
value of S'p^\ for ()5.1()j) as follows: 



-'p+i 

jon-shell ^ I ^^^P+l^^^^f.uQ^g^^^^^Q^^^^^Q^p^^,.^ug^-^^^ 

Jo 

n 

2(7-p)(8-p)Vp+i 



9st 



dr r 



B(^^#±lf'-. (5.17) 

9st 
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Thus, we have shown that Sp_^i with F^u = and cTp+i = reproduces the supergravity 
solution (j5.1(J|) when Op+i and /5p+i take the values in (j5.14j) . We also verified that Sf^^ and 
S^^ reproduce the supergravity solutions representing a stack of DO-branes and of Dl-branes, 
respectively. Note that Sf'^ also reproduces the near- horizon limit of ()5.10p with p = 3 |lj , 
which is conjectured to be dual to NCYM jSllll- 



6 Effective actions of M2-brane and M5-brane as solu- 
tions to the H-J equations 

6.1 M2-brane case 

We assume again that the fields are constant on the fixed-time surface. Let us denote a 
solution to the H-J equation under this assumption by Sf'j2- follows from ()4.7|) . ()4.8|) and 
fl4.9|) that S'j°2 satisfies the equation 



1 6S 



(0) 
M2 



-9 ^9. 



1 f ^^5S^ 
9 \ \^ Sg^^ 



+ 



1 6S 



(0) 
M2 



63 



4 



Q'^'^'v^ V-9 h 
One can easily verify that the form 



:9^lu- 



6S 



(0) 
M2 



^6A 



S 



(0) 
M2 



QC , qNG , qWZ , ^ 
'-'M2 "T ^ M2 "T ^M2 "T '^M2 



(6.1) 



(6.2) 



with 



'S'm2 — ctM2 / c^^a^^ 

^Mf = Pm2 I d'xy 
Sm2 = lM2 I ^3, 



where aM2 is an arbitrary constant, satisfies the H-J equation if 

14 



2 

'^M2 



= 196 and pl 



'M2 — 7m2- 



(6.3) 



(6.4) 
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Note that S^/^ + ^ni interpreted as a probe M2-brane effective action as in the case of 
the Dp-brane. 

The supergravity solution representing a stack of M2-brane is also a solution of 
which is given by 

dsl = f-^^^dx^dx-" + f"^dr\ / = 1 + ^, 

e§=rV^ Ao,2 = f-\ (6.5) 

where /i, u run from to 3. We verified that Sfj2 with aM2 = reproduces this solution 
when 

aM2 = 14, /3m2 = -lM2 = -QQ, (6.6) 
which is consistent with ()fj.4j) . 

6.2 M5-brane case 

We adopt again the assumption that the fields are constant on the fixed-time surface. Let 
'S'i/5 tie a solution to the H-J equation under this assumption. It follows from ()4.10|) . ()4.11|) 
and ()4.12|) that S^^j^ satisfies the equation 



4 1 SS^;, 1 55^ / 1 SSf,\ 1 6S^l 



+ et^i?(^*) = 0. (6.7) 

2 ysA^^...^^ J 

Let us consider the following form: 

i(0) _ Qc I c-B-f I CW^^ 



— ^M5 + 'S'mS + ^M5 + ^^MS, (6. 



with 



Sm5 = "Af5 / d^x^^e^f 



-^MS^ = 7M5 / ( ^6 + ^^3 A F3 ) , (6.9) 
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where JF^^^ = ^/^u\+Fjuf\^ i ^j^^x^ is an arbitrary constant completely ant i- symmetric tensor, 
and (Tm5 is an arbitrary constant. We verified that (|6.8|) satisfies (|6.7|) . up to the constraint 

_]_clJ■l■■■^J'6 77 



if 



16 



"MS = Y^^"^ ^ = 64 and /3m5 = -7m5. (6.11) 

The equations of motion satisfied by M5-brane are determined by the space-time super- 
symmetry and the kappa symmetry fH ^ I19 | 1^. These equations of motion are equivalent 
to the equations derived from the M5-brane effective action and the non-linear self-duality 
condition gllllS-^ This M5-brane effect ive action and the non-linear self-duality condition 
reduce to 5*^5 + S^ii and (jfi.lOj) in our case in which the worldvolume of the M5-brane is 
the time-fixed surface and the static gauge is taken. 

The supergravity solution of the M2-M5 bound state is given in Ref . (ITj , and it is also a 
solution of Ij'^^^ which takes the following form: 

dsl = f~^k^r]fxpdx^dx^ + f^k~^5ahdx"'dx^ + f^k^dr'^, 

ei = r'^flk^, y4oi2 = sin6'/~\ ^345 = tan^^A;"^, 

Fit',i,, = 3coseQr-'r'k~\ (6.12) 

where 



fi, i> = 0,l,2, a, 6 = 3,4,5, 

/ = 1 + .^, k = smH + cos^ef. (6.13) 



r 



We verified that ()6.8|) with F^^^'^ = and cta/s = reproduces this solution when 0^/5 = 8 
and Pm5 = — 7m5 = —3(5 cos 6*, which is consistent with fl6.11|) . 



^For a review, see Refs. |23l 124) . Also, for an alternative formulation of the M5-brane effective action, see 
Refs.ES]. 
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7 (]9, q) string and {p, q) 5-brane in type IIB supergravity 
and NS 5-brane in type IIA supergravity 

7.1 {p^q) string and {p^q) 5-brane 

Let us recall the SL{2, R) symmetry in type IIB supergravity. It is convenient for this 
purpose to work in the Einstein frame and redefine the R-R 4-form. The Einstein metric is 
given by 

^MN ~ ^ '^Gmn, (7.1) 

and the new R-R 4-form is given by 

- = C^ + 1^2 A B2. (7.2) 

The type IIB supergravity action (|3.3|) is rewritten in terms of the Einstein metric and the 
new R-R 4-form: 



2k^qJ V 2 (Imr)2 2 ^ ^ 3 5 



+ ^ / C^^Fl^Fi, (7.3) 



where 



T = Cq + i e 
1 



a 



2 



B2 
C2 



|r|2 


Rer \ 


Rer 




-^3 


= dCl, 



F, = dC2''"-^e,,C',AFi. (7.4) 

One can easily check that the action ()7.3|1 and the self-duality condition ()3.5|) is invariant 
under the following SL{2, R) transformation. 

r' = — a, b, c, d; real, ad — be = 1, 
CT + d 



^\ — 1 



r^E) ' _ ME) c-N 
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First, let us see how a solution to the H-J equation corresponding to (p, q) string is 
obtained. Noting that ()7.H) implies that p^^^ = p — 0, one can rewrite ()5.1|) with p = 1 in 
terms of the Einstein metric as follows. 

1 SSr\ I ( 1 SSr\^ 




_1 1 6Si'^ 1 6Si'^ 1 6SP 1 6Si'^ 

= 0. (7.6) 

One can verify that this H-J equation is invariant under fj7.5|l . which imphes gltu = ^fj^i/ and 
Therefore, the SL{2, R) transformed S^'' is also a solution to the H-J equation, 
which clearly reproduces the supergravity solution of (p, q) string. 

Second, let us see briefly how a solution to the H-J equation corresponding to {p, q) 5- 
brane is obtained. We consider the p = 5 case of the reduction in section 3 with the ansatz 
for replaced by 

^^3 = j^ H^p,mC A de A dC (7.7) 
^ e^^+-^Pe^,...^,H'''-'''{i)ee,e,e,dei, A dO^, A dO,,. (7.8) 



3! 7! 



Then, we obtain as a consistent truncation a seven- dimensional gravity, and rewrite it in 
terms of the Einstein metric and the new R-R 4 form: 



r{p.g)5 
-'7 



\ 8 2 (Im r)^ 



where 



-^-M.,F^ ■ Fi - - Im.jF^ ■ ) , (7.9) 



Hs = dB2, Fi = dCo, F^ = dC2, Fs = F; + CoAHs 
F, = dCr"" - a F3 + A //3, 



Fj = dCe + CT'" AHs- -C2 A 52 A H3, 



1 

—I 
2 



25 



#7 = dBe -Co A Ft- Cf"' A F3 + A C2 A i^a, 

Fr=( .-./''ir.f. V (7-10) 



e-<^F7 - e'^Coif7 

and r, A^j^ and F3 are formally the same in (j7.4j) . (j7.9p is invariant under the transformation 
(1731) with 

= A'-Fi (7.11) 

The transformation laws for and Ce are determined by (j7.11|) . Clearly, the H-J equation 
derived from ()7.9|) is invariant under this SL{2, R) transformation. Therefore, by rewriting 
(j5.2|) with p = 5 in terms of the Einstein metric and the new R-R 4-form and applying the 
SL{2, R) transformation to it, we obtain a solution to the H-J equation reproducing the 
supergravity solution of {p, q) 5-brane. 

7.2 NS 5-brane in type II A supergravity 

In this subsection, using the relation between 11-d supergravity and type IIA supergravity, 
we see that the NS 5-brane effective action is a solution to the H-J equation of supergravity 
and it reproduces the supergravity solution of NS 5-brane. In order to see the relation to 
type IIA supergravity, we consider a reduction of 11-d supergravity on x S^, which is 
different from the one done in section 3: 

dsl^ = GuNdX^UX^ (7.12) 

= h^piOdCd^'^ + e^P^^^^dn^ + e5''i(«)(dX^°)^ 
Fi^) = ^i^i^l^rfr A ■ ■ ■ A 

+ ^e^^i+tP2£^^...^^F(*^)"i-"^£e.,e.,,,^ci^i, A de,, A dOi, A dX^\ (7.13) 

where a, (3 run from to 6, and parametrizes S^. Then, we obtain as a consistent 
truncation a seven-dimensional gravity 

-Vr^r- Vr^py (7.14) 
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where Fj^^ = dA^ — ^A^ A fI^\ Let us consider the form 



C<(0) ' _ qc / I qBI I qWZ I ^ 



(7.15) 



with 



(7.16) 



and 5*^5 and SYfi the same in ()6.9|) . One can verify that ()7.15p satisfies the H-J equation 
of Jy^^'' under the assumption that the fields are constant on the fixed-time surface, up to 
the constraint (j6.1U|) . if 



' = 6i?(^') = 36, and /^^ = 7m5- 



(7.17) 



Following the relation between 11-d supergravity and type IIA supergravity (221; define 
the fields in type IIA supergravity in terms of the fields in 11-d supergravity as follows. 



Pi = P2= P- -0, 

As = — C*:?, Ar = —Br. 



We rewrite in term of these new fields and obtain 



(7.18) 



(7.19) 



2 ' ' 2 ' ' 



where F4 = dCs and H-j = dB^ + ^Cs A F4. This action is actually given by a consistent 
truncation of type IIA supergravity in which the ansatzes for the fields are 



dslo = h^^iOdCdf + e-^'^^^dQs 

= 0(0, 



3! 7! 



e''^+^%„,...„,i^"^ -"^(0^e.,^^,,e,3C^^n A de,, A dOi,, 



^4 = ^i^a,...«4(0c?r A-.-Arff 



(7.20) 
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Thus, by rewriting (j7.15j) in terms of the fields in type IIA supergravity, we obtain the NS 
5-brane effective action (plus the cosmological term) that is a solution to the H-J equa- 
tion of a reduction of type IIA supergravity. Clearly, this solution reproduces the 
supergravity solution of NS 5-brane. 

8 Discussion and perspective 

In this paper, we found that S^Ji is a solution to the H-J equation of type IIA(IIB) su- 
pergravity and it reproduces the supergravity solution representing Dp-branes in a constant 
B2 field. S^_li is not a complete solution to the H-J equation though it has some arbitrary 
constants. In other words, it should be obtained by making some of the arbitrary constants 
in a certain complete solution take specific values. It is interesting to see if S^Ji can be 
generalized so that it includes more arbitrary constants and to look for a complete solution. 
It is relevant to investigate what class of supergravity solutions 5'^'^^ can reproduce. We 
verified that Sf''^ does not reproduce the black 3-brane solution, which preserves no super- 
symmetry, or the solution of the D3-brane with the wave, which preserves 8 supersymmetries, 
and that S^'' does not reproduce the solution of the D1-D5 bound state, which preserves 8 
supersymmetries. 

As is clear from the general argument in section 2, the quantities. 



are constant with respect to the time, where we take the sign in ()5.9|1 such that f3p+i = 
7p+i. We verified this statement by an explicit calculation. We also obtain other conserved 
quantities from the SL{2, R) transformed S^_li in type IIB supergravity, since it includes the 
continuous parameters of SL{2, R). As is discussed in section 2, we can reduce the equations 
of motion to a set of the first order differential equations by using S^^-^. We may simplify 
these first order equations by using the conserved quantities so that we can answer the above 
question and/or find a new solution of supergravity. As we discussed in the introduction, it 
is also interesting to consider a reduction more complicated than that on higher dimensional 
sphere and obtain another solution to the H-J equation of supergravity, which should be 




and 




'p+i ' 
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relevant to the gauge/gravity correspondence with less supersymmetries. 

Finally, we make a remark on the case in which we perform a reduction on T^~p 
Let us consider an ansatz for the metric 

dslo = K^mCd^ + e^P^^'^dy'dy', (8.2) 

where a, (3 run from to p + 1, i runs from 1 to 8 — p and the parametrize T^~p or 
R^~P. We make ansatzes for the other fields similar to the ones in the reduction on S^~^, 
and obtain a (p + 2)-dimensional gravity as a consistent truncation. It follows that ()5.2j) 
with Op+i = is a solution to the H- J equation of this {p + 2)-dimensional gravity. This fact 
seems to imply that the vacuum to vacuum amplitude vanishes in the reduction on the fiat 
manifolds. 
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Appendix A: Equations of motion and Bianchi identities 

In this appendix, we list explicitly the equations of motion and the Bianchi identity for type 
IIA(IIB) and 11-d supergravities. The equations of motion for type IIA supergravity are 

Rmn + '^DmDn(P — ■^HmliL2H^^^^ — -c^'^FmlF^ — -^^^"^ FmlxL2LzFn^^^^^ 
+-/^GMN{\F2? + \h?) = ^, (A.l) 
R + WmD^'cI) - AdM(t>d''(t> - \\H^? = 0, (A.2) 
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D,^,-2<t>HLMN^ + If,,,,F^^^^^^) - ^e^^^-^«F^,L.L3L.F^5LeL.Ls = 0,(A.3) 

DlF"^^ + ''-Hl.l.l.F^''''^^'^' = 0, (A.4) 

J^^PLM.M.M, _ ±.,M,M,MsL,...LrH^^^^^^F,,,,,,,r = 0, (A.5) 

where Dm represents the covariant derivative in ten dimensions. The Bianchi identities for 
type IIA supergravity are 

dHs = 0, (A.6) 
dF2 = 0, (A.7) 
dF4 + F2 A //g = 0. (A.8) 

The equations of motion for type IIB supergravity are 

Rmn + '^F>MDisf(t> — -HmliL2H^^^^ — -c^'^FmFn — -e'^'^ FmliL2^n^^'^ 

^e^*FML,...L4^i^"-''^ + ]e''^GMN{\Fi\' + \F,\')) = 0, (A.9) 



4-4! 



R + 4DMD^(j) - 4dM(pd^'(p -^\H3\^ = 0, (A. 10) 

L>L(e-''^i7™) + F^F™ + ^Fi,i,i3F^^^i^^^3 = 0, (A.ll) 

DlF"^ - ^Hl.l^l.F'^''''''' = 0, (A.12) 

PM,...M, ^ yM,...M,L,...L,p^^^^^^^^^^^ (A.14) 

where Dm represents the covariant derivative in ten dimensions again. The Bianchi identities 
for type IIB supergravity are 

dH^ = 0, (A. 15) 

dFi = 0, (A. 16) 

dFs-FiAH3 = 0, (A. 17) 

dFs - F3 A i/s = 0. (A. 18) 



The equations of motion for 11-d supergravity are 
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n T^{M)LMiM2M3 ^ ^MiMjMaLi-Ls zpjM) p(M) _ p, ( \ on\ 

2(4!)2 ^LiLiL'iU^LsLeLrLs " I^A-^UJ 

where Dm represents the covariant derivative in eleven dimensions. The Bianchi identities 
for 11-d supergravity is 

dFi^^ = 0. (A.21) 



Appendix B: Ansatzes for the fields 

In this appendix, we write down the ansatzes for the fields except the metric and the dilaton 
in the reduction of type IIA(IIB) supergravity on S^^^. 
p = 



F2 = lF^fs{0dCAd^^. (B.l) 



Hs = ^H^p^iOdC A d^^ A dC: F, = F^iOdC: h = ^F^^d^ A d^ A dC- (B.2) 



p = 2 



= ^H^f,,{Ode A de A dC: F, = ^F,^(Ofir A 
F4 = l^K-a,{Odr A • • • A dC'. (B.3) 



/^3 = ^i^a/37(e)c?rA(ie^A(ie, Fi = F,(0(ir, h = l^Fa/3^iOdc/\d^('Adc, 

F, = ^Fo,^...„,{OdrA---Adr 

1 e^^/^£"--"^F„,..„,(0£e.,...e.,o?^n A • • • A dO,,. (B.4) 



5! 5! 



p = 4 



= ^i/a^^(Oc?r A de'' A dC: F2 = ^F^MOc^r A df, 

F4 = ^Fo,,...a,{0drA---AdC' 

+|/gye''£"--"«F„,..«,(0£e,,...e,/^n A • • • A d^,,. (B.5) 
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p = 6 



p = 7 



h = \^Fo.,o.,Ui)dr A rfr^ A dC' 



F^ = ^F^,...aAOdC'^---^dC' 

+ ^y^e''/2£„,...«,^,^,Fr - "«(05e,e./e''^ A d^' A rf^,, A rf^,,. (B.7) 



Hs = ^H^^^iOdr A d^ A + ^c?aia2(0c?r^ A rfa"^ A rf^i, 

^3 = l^F^.a^aMdC' A A dC + ^e^^'ea,...arP,p,Fr"''im^' A de''^ A d9, 
F, = ^F^,...aM)drA---AdC' 

^e^/V-a5/3i-/34^5""' "^(0^^e^^ A ■ ■ ■ A d^^' A d^i. (B.8) 



4! 5! 
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